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Cll / \ shows A(g, 22) as a function of ¢. In this case the
Sat / \ maximum occurs at ¢ = 13 or 6 = 0.59.
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F1G. 5. A graph showing the logarithm of the number arrange-
ments of ¢ dumbbells on a 2 X 22 for all possible q. There are
approximately 1.9 X 10° ways of arranging 13 dumbbells on a
2 X 22 array.

For large values of N, Eq. (24) yields
koNSY = 3ky(N — 1)S¥ 4 ky(N — 2)SN-2

— k(N — 3)SN=3 4 28N1 4 SN2 _ 38M-8  (25)
We may divide this by S¥ and, noting that
SY =357 + s\ — 5, (26)
we obtain
1 1 1
S—(z — 3k,) + §(1 — 2ky) — §(3 —3k) =0
1 1 1 (27)
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Extension of the Riemann-Lebesgue Lemma*
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We show that, in the limit of large 4, integrals of the form

HN = f:

fx) dx

u(x) + eti=

are essentially given by f g Lf(x)/u(x)] dx where the region R’ is the union of all those subintervals in which
[u] > 1. The corrections to this expression are of two kinds: terms O(1/4) which depend on the details
of averaging to remove logarithmic singularities in H(4) and terms O[(In 4)/A]. Some examples are given.
If |u] < 1, the leading term in H vanishes and H(4) is bounded by (in A)/A.

I. INTRODUCTION

It is frequently useful to be able to bound integrals
of the form

G = fa bf (x)e** dx

for large values of the parameter 1. Typical physical

problems would be the behavior of wavepackets at
large times and the behavior of the Born approxima-
tion for scattering amplitudes at large energy.! The
mathematical tool is, of course, the Riemann-Lebesgue
lemma, which ensures that

IG(M)| £ const v(f)A 2L
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Here v(f) denotes the total variation? of the function f
in the interval [a, b].

The study of multiplescattering fromseveral particles,
using separable potentials and the closure approxi-
mation,? leads to expressions of the form

f FACI N
R u(x) + e**

The purpose of the present paper is to show that
H(2) is “‘essentially” given by

1),

R u(x)

x = H(A).

b

where R’ is the union of all those subintervals of R in
which [u} > 1.
There are four complications which we encounter.
(1) The function H(A) may haverecurringlogarithmic
singularities as A grows without bound. We deal with
this by defining an averaged function of 4:

A+iA .
Hy(h) =A™ f H(V)d'.
A—3A

A must be small enough so that only one singularity
appears in the integrand for any value of 4. Note that
the limit of H(1) as A — oo is independent of A,
provided that R’ is not empty.

(ii) Again because u(x) may have unit modulus, the
corrections to H are not quite bounded by 1/A. The
best bound we can obtain is (for A < 1)

|Hy(A) — H) < C(In A)/A|In A — 1]

(iii) The function f must be of bounded variation,
as in the Riemann-Lebesgue lemma. Our proof re-
quires that |u| satisfy the stronger condition of piece-
wise monotonicity. This insures that the variation of
u for any n can be bounded uniiformly with respect to n.

(iv) For purely technical reasons we have had to
make the following additional assumptions. We do not
know whether they are necessary.

For every x,, such that |u(xp)| = I, there is a
neighborhood N of x, contained in [a, b] in which

(a) uis differentiable,
u'(x) — u'(xy)
u(x) + ez’lm
[u(x)| — Ju(xo)l

x—xo

— f(xo)

(b) 3B23 <B2’

(© 3D>03 > D,

f(x)
u(x) + &

Using condition (iii), we can divide [a, b] into a finite

(d 3B, < B,.

PAUL B. KANTOR

number of subintervals of three different kinds:

(A) lu KR< 1,

(B) |[ul > S>1,

(O R<L|ul < S and |u(x)] =1 has exactly one
root.

In Sec. I we find the limiting form of H(2) for each
of these cases. In Sec. III we combine these results.
Finally, in Sec. IV we discuss examples and possible
extensions of this technique.

Before presenting the proof we remark that the
complex nature of e**® is essential for the SImple form of
H. For example, with the real function sin Ax, in case
(B) one may show that

- f [u(x)zl_ m dx + o(i). )

II. DISCUSSION OF THREE CASES

Case A: We have the uniformly convergent ex-
pansion

(1) + €T = e 3 (e (1)

Let v(u) be the variation of [u]. Since [u[ is piecewise
monotonic (we denote the number of ““pieces” by N),

v(u) < 2NR
and, because of the monotonicity,

v(u®) < 2NR"
and
sup [u"| < R".

Hence, the function u"f is of bounded variation, and
there is a constant K such that?

o(f-u") < 2NR" max f + R™(f)
< KR™,

We now use the expansion of the denominator in the
integral defining H(4) and apply the Riemann-
Lebesgue lemma to every term in the sum:

fu(x)nf(x)e—lz(n+1) dx

< z( + D [v(fu”) + sup [u"f]]
E [v(f) + 2N + 1) sup |f]]
=§ R" D(f, N).
Thus
4D(f,N) 1

FEux) + 17 dx < —2— lln (I - B

Downloaded 05 Jun 2008 to 204.52.215.10. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/jmp/copyright.jsp



EXTENSION OF THE RIEMANN-LEBESGUE LEMMA

This completes the discussion of intervals of type A.
They do not contribute to the limiting value at large 4.

Case B: Suppose |u(x)| > S > 1. Then we may
write

Feoluo + 7 = H0 (1 - D),
u(x) [1/u(x)] + e
The first term in brackets is independent of A. The
second satisfies all the hypotheses of Case A with R

replaced by 1/S. Thus

[

) 1 o x = L@dx + 0(1)

u(x) A

Case C: We now consider the case where |u| assumes
the value 1 exactly once in the interval of interest. The
phase is unimportant in our argument; so we assume
u(x,) = 1. Now we choose an € > 0 such that, when

lx - xll <
x lies in the neighborhood N specified in condition (iv)
of Sec. [. We have
) = f(x1)

u(x) + * < B

and

u'(x) — u'(xy)
u(x) + &**

Since the integral exhibits logarithmic singularities

at 1 = (7/x)(2n + 1), we extract them with the aid
of the following two relations:

< B,.

S ) = f(x) 1
u(x) + REES - u(x) + L +f(x1) u(x) + ei,w’
1 = 1 i Az
u(x) + e u'(x) — il(dx In fu(x) + €]
v —ux) o 14 er )
- u(x) + ei,lz u(x) + ez‘).x :

Now choose ¢ < min {¢, 1/A}. Note that the definition
of € does not depend on 4 so that, as 4 — oo, ¢ will
eventually be 1/2. We will show that, with suitable
averaging over 4,

x1+%¢5 X X 1
[ e + e ax = o)
xl—#é }.
Using the first relation above, we have

J‘ f(x) _ v < |f(x) —f(_xx)l dx
u(x) + &4 lu(x) + €|

+ 1f(x0)l

J‘au-i- J 1
e-36 u(x) + €4°
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The first term on the right-hand side is bounded by
B,/A. By elementary geometry we have

TAx
1+e < 2 <2
u(x) + €4 = 14 u(x)
Thus

z1+46
[
er-ys u(x) + €**

s%+ﬂ%+ﬁumn

+§mml

f—d— In [u(x) + €*]dx]|.
dx

This last integral exhibits the logarithmic singularity.
Since the product A4 is less than 1, the imaginary part
of the integral is bounded by 1. To eliminate the diver-
gence, we average over A — 3A < A" < 1 + $A:

avf—d— In [u(x) + %] dx < C(|In A] + 1).
dx

Hence the integral in these dangerous regions is
bounded by 1/, multiplied by a factor which depends
in a well-defined way on the averaging over A.

III. PROOF OF THE THEOREM

Since u has only a finite number of oscillations, we
can cover the range of integration with a finite number
of intervals of type A, B, or C. Since the intervals of
type C are of length 1/A, the values of R and S for the
intervals of type A and B will be quite close to 1. How-
ever, for sufficiently large 4, we can be sure that1 — R
and S — 1 are at least as large as D/A, where D is
defined by condition (c). Inserting this in the bounds
for case A, we find

104y g, 112, g Lt InA|

type B U(X) y) A

The first correction term is due to intervals of type A
and B, while the second is due to intervals of type C.

Hy(4) =

IV. EXAMPLES

Integrals of the form discussed here do not arise
frequently in the mathematical literature, where ex-
pressions of the form e usually arise from contour
integration. An example arising in the physical situa-
tion discussed in Sec. 1 will be presented elsewhere.?

Examples for which the limiting form of the integral
is known by other means can be found by considering
Fermi-Dirac integrals.

Let

H() =Lw——f(—€)—-— de.

eﬂ(e—u) +1
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Fi1G. 1. The deformed contour I in the complex ¢ plane.

Of course, this is not yet the form in which we are
interested.

However, the integrand is regular except at the
singularities of fand at (e — u) = (2n + 1)i. Since
the integrand falls as e~ ®¢< at infinity, we can almost
deform the contour of integration to the axis x + iy.
We can apply our technique as follows: Let the con-
tour I be as shown in Fig. 1. Assume that f has no
singularities in the first quadrant. Then

® f(e) de f(e) de
b e B L1 Jrelemwh 4

[t
T P g b e

* f(iy) dy
(0+iy) 8 +1 :

Assuming f'to be of bounded variation on I, we can
apply our lemma, using u(y) = e#® < 1. We can
maintain this condition with é — 0; for example, let
é = 1/f. Thus

© f(e)de
o &M 11 S

o),

which is the familiar result.
Further examples can be constructed by considering
the integral of the exact derivative

4 (g In [u(x) + &7},
dx

which is easily seen to be equal to

—idg(u(x) | . » .
u(x) + & + iAg(x) + ig'(x) arg [u(x) + €]

u(x) + &+ + g'(x) In [u(x) + €%,

PAUL B. KANTOR

If we set g(x) = f(x)/u(x), the first term is seen to be
an integral of the desired type multiplied by A. Thus we
examine the rest of this equation for terms of order A.
When |u(x)| > 1, there are none but iAg(x), and the

integral is given by
- f 8(x).

f f(x) _dx
u(x) + &'**

When u(x) < 1, there are several terms of order A,
with only the last two being negligible. For large 4
and sufficiently smooth g, we can replace

Lﬁ‘c{g(X) In[u(x) + ]} by idg(x)x];

and

arg [u(x) + e¢**] by iix.

A single partial integration then yields

2 f )
u(x) + ezka:

= ilj; g(x) dx

+ iA f bxg"(x) dx + O(1) — iAg(x)x[}
=0+ O(1).

Of course, when u(x) can assume the value 1, the
logarithmic correction enters in several terms.

This “example’ serves as an analog to the usual
heuristic proof of the Riemann-Lebesgue lemma based
on partial integration. It would be nice to find some g
and u for which every term can be integrated in terms
of elementary functions, but I have been unable to do
so.

V. DISCUSSION

By extending the Riemann-Lebesgue lemma to
cases where the oscillating factor appears as the argu-
ment of a rational function, we can discuss the high-
energy limit of certain very simple multiple scattering
problems. Subject to possible convergence difficulties,
the discussion can be extended to meromorphic func-
tions of e***, Unfortunately, we have not found a
relation of these ideas to the calculus of residues and
are unable to extend the argument to holomorphic
functions of e*4#, This last extension would be partic-
ularly useful in more realistic multiple scattering
problems, where operators of the form (1 — V,G,V,)
must be inverted.?
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A method for obtaining a perturbation expansion of various eigenvalue distributions corresponding
to a certain class of perturbed ensembles of random matrices is given. The terms in the expansion can
be written down immediately as diagrams analogous to those used in other kinds of perturbation theory.
Further, part of the expansion can be summed explicitly, and the result of the summation read off the
diagrams. In addition, a new perturbing ensemble is introduced. It has the advantage that the number
of matrix elements which are perturbed simultaneously and the size of the perturbation can be varied inde-
pendently. The expansion given is an expansion in the number of perturbed matrix elements rather than
the usual expansion in the size of the elements. Finally, the conditions for convergence of the expansion

are discussed.

1. INTRODUCTION

There has been recent interest in the problem of
how a small perturbation to the Hamiltonian of a
complex system effects the statistical properties of
the energy levels.’”® The primary purpose of such
work is to ascertain the possibility of determining
whether or not a particular quantity is an exact
invariant or only an approximate invariant by
measurement of these statistical properties. Of par-
ticular concern is the question of how a small time-
reversal invariant term in a Hamiltonian would
manifest itself in the statistical properties of the energy
spectrum.?-4.6

The ensemble which has received the most attention
is a simple generalization of the Gaussian ensemble.
That is, the unperturbed ensemble is assumed to be
Gaussian, say of width a¥ and the perturbing
ensemble is also assumed to be Gaussian, say of
width 4. Then it is assumed that the relative strength

of the perturbation is given by (a/y)!. One is, of
course, interested in the limit where a/y is small.

In studying this ensemble one encounters mathe-
matical difficulties which seem to be inherent in it. In
particular, if one considers the case where the un-
perturbed distribution is orthogonal (time-reversal
invariant) and the perturbing distribution is unitary
(not time-reversal invariant), it appears that the results
will be purely unitary or orthogonal in the lim N —
+ 00 (N is the dimensionality of the matrices) unless
y — 4o with N in exactly the right way.2¢ This
results from the fact that the number of nonvanishing
off-diagonal matrix elements is of order N2. The
convergence of a perturbation expansion in general
depends not only on the size of the off-diagonal
elements, but also on the number of such elements,
since each succeeding term in the expansion involves
another summation.

However, the physical interpretation of letting »
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